
1. Two conducting planes, shown in Fig. 1, intersect at an angle β. The planes are assumed
to be held at potential V near the origin where V is a constant. [Hint: in terms of the
polar coordinates (ρ, φ), the Laplace equation in two dimensions is 1

ρ
∂
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(ρ∂Φ
∂ρ

)+ 1
ρ2

∂2Φ
∂φ2 = 0.]

(a) (15%) Prove that the potential near the origin is approximately

Φ(ρ, φ) ≈ V + a1ρ
π/β sin(πφ/β),

where a1 is a constant.

(b) (5%) Please write some sentences to describe how to obtain a1.

2. Consider a point charge q embedded in a semi-infinite dielectric ε1 a distance d away from
a plane interface that separates the first medium from another semi-infinite dielectric ε2.
The surface may be taken as the plane z = 0, as shown in Fig. 2.

(a) (5%) Consider that ∇ · E = α and ∇ × E = β. Determine α and β everywhere for
this problem. [Please write down in SI units]

(b) (5%) Determine the boundary condition at z = 0.

(c) (15%) In attempting to use the image method, the potential at a point P described
by cylindrical coordinates (ρ, φ, z) will be

Φ =


1

4πε1
( q√

ρ2+(d−z)2
+ q′√

ρ2+(d+z)2
), z > 0

1
4πε2

( q′′√
ρ2+(d−z)2

), z < 0

where q′ and q′′ are two effective charges located at (ρ′ = 0, φ′, z′ = −d) and (ρ′′ =
0, φ′′, z′′ = d), respectively. Please use the result of (b) to determine q′ and q′′ in terms of
q, ε1, and ε2.

3. (a) (5%) The basic differential laws of magnetostatics are ∇ · B = α and ∇ × B = β.
Determine α and β in general. [Please write down in SI units]

(b) (5%) Plot hysteresis loop [i.e., B or M (magnetization) as a function of H] of a
ferromagnetic material.

(c) (5%) Why do we need the gauge transform of the vector potential A for calculating
B?



4. (20%) The displacement ~D is related to the electric field, ~E by the relation : ~D(~x, ω) =

ε(ω) ~E(~x, ω) , for the wave with the monochromatic components of frequency ω. The
Fourier integral of the displacement in time time is expressed as:

~D(~x, t) =
1√
2π

∫ ∞
−∞

~D(~x, ω)e−iωtdω.

(a) Show that the relation of ~D(~x, t) and ~E(~x, t) can be given as:

~D(~x, t) = ε0{ ~E(~x, t) +

∫ ∞
−∞

K(τ) ~E(~x, t− τ)dτ},

where

K(τ) =
1

2π

∫ ∞
−∞

[ε(ω)/ε0 − 1]e−iωτdω.

(b) Consider a one-resonance version of the index of refraction :

ε(ω)/ε0 − 1 = ω2
p(ω

2
0 − ω2 − iγω)−1.

Show that

K(τ) = ω2
pe
−γτ/2 sin ν0τ

ν0
θ(τ),

where ν0 =
√
ω2
0 − γ2/4, and θ(τ) is the step function.

5. (a) (12%) Starting from the Maxwell equation, show that the vector potential ~A(~x, t)
and scaler potential φ(~x, t) satisfy the equations subject to the Lorentz gauge
condition: 

∇2φ− 1

c2
∂2φ

∂t2
= − ρ

ε0
,

∇2 ~A− 1

c2
∂2 ~A

∂t2
= −µ0

~J.

(b) (8%) In the case of time harmonic source, (ρ(~x, t) = ρ(~x)e−iωt, ~J(~x, t) = ~J(~x)e−iωt,)

show that the vector potential ~A(~x, t) can be solved as

~A(~x, t) = ~A(~x)e−iωt, where ~A(~x) =
µ0

4π

∫
~J(~x′)

eik|~x−~x
′|

|~x− ~x′|
d3~x′.

Hint: You may directly use the expression of the Green’s function,

G±(~x, t; ~x′, t′) =
δ(t′ − [t∓ |~x−~x

′|
c

])

|~x− ~x′|
.
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