
1. For a one-dimensional quantum system with hamiltonian H = P 2/2m+ V (x),

(1a) (10%) Show that the conservation of probability can be expressed as the continuity equation

∂ρ(x, t)

∂t
+
∂j(x, t)

∂x
= 0, j =

h̄

2mi
(Ψ∗∂xΨ−Ψ∂xΨ∗).

(1b) (10%) If V (x) = VR(x) − iVI , show that the total probability for finding the particle

decreases exponentially as exp(−2VIt/h̄).

2. (2a) (10%) Let E0 be the exact ground state energy of the hamiltonian H. Show that, for any

trial state |Ψ >
< Ψ|H|Ψ >

< Ψ|Ψ >
≥ E0.

(2b) (15%) Using the trial wavefunction Ψ = e−αx
2/2 to estimate the ground state energy of a

one-dimensional problem with H = P 2/2m+ V where V (x) = −aV0δ(x).

3. (3a) (10%) Show that

( ~A · σ)( ~B · σ) = ( ~A · ~B)I + i( ~A× ~B) · σ.

(3b) (10%) Show that

e−iθn̂·σ/2 = cos(θ/2)I − i sin(θ/2)n̂ · σ.

(3c) (10%) Let

|z+ >=

 1

0

 , |n̂+ >=

 cos(θ/2)e−iφ/2

sin(θ/2)eiφ/2


where n̂ points in the direction (θ, φ). Show that |n̂+ > can be obtained from |z+ > by rotations.

4. For a two-dimensional electron in a magnetic field B = Bẑ, the Hamiltonian is given by

Hem =
(P + e

cA)2

2m
.

(4a) (10%) Show that

[mvx,mvy] =
h̄eB

ic

where mvi ≡ Pi + e
cAi.

(4b) (15%) Using (4a) to derive the energy spectrum of Hem (i.e the Landau levels).

σ1 =

 0 1

1 0

 , σ2 =

 0 −i

i 0

 , σ1 =

 1 0

0 −1


[σi, σj ] = 2iεijkσk, {σi, σj} = 2δijI

∫ ∞
−∞

e−ax
2
dx = (π/a)1/2.
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